High precision multipole polarizabilities, α ℓ for ℓ ≤ 4 of the 1s ground state of the hydrogen isoelectronic series are obtained from the Dirac equation using the B-spline method with Notre Dame boundary conditions. Compact analytic expressions for the polarizabilities as a function of Z with a relative accuracy of 10 −6 up to Z = 100 are determined by fitting to the calculated polarizabilities. The oscillator strengths satisfy the sum rules i f (ℓ) 0i = 0 for all multipoles from ℓ = 1 to ℓ = 4. The dispersion coefficients for the long-range H-H and H-He + interactions are given.
I. INTRODUCTION
The present paper reports calculations of the polarizabilities of the hydrogen atom and isoelectronic ions using the Dirac equation to describe the underlying dynamics. Such calculations are now topical since some atomic polarizabilities can directly impact the definitions of two fundamental quantities, the Kelvin and the second [1] . The new generation of optical frequency standards have reached such precision that they are sensitive to the black-body radiation of the apparatus itself [2] . The resulting black-body radiation shift is largely determined by the differences in polarizabilities of the two atomic states involved in the clock transition. Additionally, very high precision measurements of the helium dielectric constant have been recently reported [3] . In conjunction with high precision calculations of the static dipole polarizability [4] , these measurements can result in improved determinations of Boltzmann's constant and thus the Kelvin [3, 5] .
Another reason for doing such calculations is that they can be used to verify the accuracy of computational methods and tests of fundamental theory. The polarizabilities of the hydrogenic ions are properties of the ground state of a set of systems that are often used to test the fundamental principles of physics. It is rather surprising that the first explicit calculations of the quadrupole polarizabilities of the hydrogenic ions based on the Dirac equation have only just been reported [6] .
An important advance in the topic of the dipole and higher multipole polarizabilities was an investigation based on the Pauli approximation that gave expressions for the static multipole polarizabilities up to O(α 2 Z 2 ) [7] . This was a generalization of an earlier work which gave the O(α 2 Z 2 ) expression for the dipole polarizability [8] . The work on dipole polarizabilities was extended to (αZ) 4 [9] , (αZ) 6 [10] and to all orders in terms of a generalized hypergeometric function [11] . Apart from a very recent calculation [6] , the expressions for the quadrupole and higher-order polarizabilities have not had independent confirmation. There have been a number of independent calculations of the dipole polarizability and related sum rules. Many of these investigations have been computational in nature. Drake and Goldman derived expressions for some dipole oscillator strength sum rules as well as performing some explicit calculations of the dipole polarizability [12] by expanding the wave function as a linear combination of exponential type functions. Goldman [13] extended the basis set approach to calculate the dipole polarizability of hydrogenic ions from Z = 1 to Z = 115 using a Gauge-invariance method. A fit to the calculated polarizabilities was used to create an (αZ) n expansion of the polarizability including terms up to (αZ) 8 . There have been a number of other computational investigations of the dipole polarizabilities of hydrogenic ions based on Dirac equation [14] [15] [16] [17] [18] [19] [20] .
The present calculations used the B-spline Galerkin method with Notre Dame (ND) boundary conditions [19] . Other approaches to the B-spline boundary conditions have been proposed [17, 18, [21] [22] [23] . There is at present no overwhelming reason for adopting more complicated boundary conditions in preference to the ND boundary conditions. The Bspline approach to atomic structure has a number of advantages [24, 25] , it does not lead to linear dependence, the basis can be made effectively complete in a finite region of space, the details of the basis are easily adjustable and results are numerically stable. However, like all basis set approaches, the energy spectrum also has a sea of negative-energy states (the Dirac sea) and it is also possible for spurious states to appear in the positive energy spectrum [18] . These issues have been discussed extensively [17] [18] [19] 24] The present B-spline calculations of the multipole polarizabilities give numerical values that are more precise than any previous calculation. Values of associated oscillator strength sum-rules are also given. The nuclear mass was set to be infinite and the point nucleus model was adopted. Values are reported for intermediate sums including the entire set of states and also for a set of calculations that omitted the negative energy states from the Dirac Sea. Analytic expressions for the polarizabilities are constructed that are accurate to a relative precision of 10 −6 for Z ≤ 100. The static multipole polarizabilities for quadrupole, octupole and hexadecupole transitions have been computed and found to be compatible with the O(α 2 Z 2 ) expressions of Kaneko et al [7] . The sum rules i f (ℓ) 0i = 0, provide a valuable consistency check on the reliability of our calculations. Finally, the dispersion coefficients that describe the long-range interaction of the H-H and H-He + dimers in their ground states are presented. All results are reported in atomic units and the value of fine structure constant, 1/α = c = 137.035 999 074 [26] was used in all calculations reported in this work unless specifically mentioned.
II. FORMULATION A. Dirac equation of single-electron atomic system
The single-electron Dirac equation is
H D is the Dirac Hamiltonian,
where m is the electron mass, c is the light velocity, p is the momentum operator, α and β are 4 × 4 matrices of the Dirac operators [7] . The wavefunction for the hydrogen-like ion can be written
where P nκ (r) and Q nκ (r) present the larger and small components of radial wavefunction, and Ω κm (r) and Ω −κm (r) are corresponding to the angular components. The angular quantum number κ are connected with j and ℓ,
Substituting Eqs. (2) and (3) into Eq. (1) and separating the radial and angular components, gives the following coupled first-order differential equations for radial components P nκ (r) and Q nκ (r),
In this equation V (r) is the interaction potential between the electron and nucleus,
with Z being the number of nuclear charges. In order to compare with non-relativistic calculations, we replace the energy E by ε = E − mc 2 , and the radial Dirac equation can be written as matrix style,
B. B-spline Galerkin method
The radial wavefunctions P nκ (r) and Q nκ (r) are expanded in a N-dimensional basis of B-splines of order k,
where the subscripts n, κ have been omitted from the functions P nκ (r) and Q nκ (r) for notational simplicity. The function B k i (r) only take nonzero values for the knot intervals t i ≤ r ≤ t i+k . The normalization condition is
The details of the B-splines and ND boundary conditions have been discussed in detail elsewhere [18, 19] . The large and small radial components are independently expanded in a B-spline basis with the boundary conditions, P (R) = Q(R) and P (0) = 0, where R is the radius of confining cavity.
B-splines of k = 9 order were used with the endpoints of multiplicity 9. An exponential knot distribution for the B-splines is adopted, e.g.
where i = 1, 2, · · ·, N 1 and N 1 = N − k + 2 being the maximal value of i. The exponential knot parameter γ depends on the radius of confining cavity R,
The function G(Z) for Z ≥ 2 satisfies the recurrence relation
where G(1) = 0.055 is an optimized value for the hydrogen atom. The confining cavity radius R (which is different for different Z) was chosen to reproduce the exact ground-state energy [27] of the hydrogen-like ions to at least 20 significant digits
where n is the main quantum number.
C. Polarizabilities for the single-electron atoms
In an weak external electric field, the static 2 ℓ -pole polarizability for an atom is usually defined in terms of a sum over all intermediate states including the continuum,
The initial state, ψ g (r), with energy, E g , is excluded from the summation over i, The 2 ℓ -pole oscillator strength f
gi from ground state g to excited state i is defined
where j g is the total angular momentum for the ground-state. The wavefunction and energy of the excited states are ψ i (r) and E i . C (ℓ) (r) is the ℓ-order spherical tensor. Using Eq. (3), the radial and angular parts of matrix element in the Eq. (17) are
Polarizabilities that are computed including both the physical states and negative energy states of the Dirac sea in Eq. (16) 2 ) expressions of [7] are denoted as α K ℓ . The polarizabilities can be expanded as a series in powers of (αZ)
2 . The series is written
where the non-relativistic multipole polarizabilities, α NR ℓ , for the ground-state hydrogen-like ions, which have the exact values [28] 
D. Oscillator strength sum rules
There are a number of oscillator strength sum rules besides those which define the multipole polarizabilities. We make the definition
The expression with ℓ = 1 and n = −2 is the dipole polarizability, The case when ℓ = 1 and n = 0 is called the Thomas-Reiche-Kuhn (TRK) sum rule. In the non-relativistic calculation, S 1 (0) should be equal to the number of the electrons. The case with ℓ = 1 and n = −3 is related to the non-adiabatic dipole polarizability [29] . One finds that S 1 (−3) = 43/(4Z 6 ) for non-relativistic hydrogenic atoms. The S 1 (−1) coefficient [30] is related to the long-range atom wall dispersion coefficient [31] . One finds that S 1 (−1) = 2/Z 2 for non-relativistic hydrogenic atoms. The relativistic sum rules are useful in testing the completeness of basis sets for variational representations of the Dirac spectrum [32] and set a foundation for testing other methods.
As with the polarizabilities, the sum-rules can be evaluated by summing over all states, or just the positive energy states. Sum rules that are computed including both positive and negative energy states in Eq. (22) are denoted by S ± ℓ (n). Sum rules that omit the states from the negative energy sea from the sum are denoted by S + ℓ (n).
III. RESULTS AND DISCUSSIONS
A. Polarizabilities and sum rules for hydrogen The difference of the B-spline ground-state energy from the exact energy given by Eq. (15) (this is −0.500 006 656 596 553 596 900 786 4298 a.u.) as a function of the dimension of the B-spline basis is plotted in Fig.1 . This calculation was performed with a confinement radius of R = 400 a.u.. This ensures that none of the atomic sum rules reported in this paper are 
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influenced by the size of the confinement radius. The energy was converged to 25 significant digits for a basis with N = 400. Table I shows the convergence of the static multipole polarizabilities, α ± ℓ , for the H(1s) state as the dimension of the B-spline basis was increased from N = 100 to N = 400. The radius of confining cavity is R = 400 a.u. The static dipole polarizability α ± 1 , is computed to a precision of 22 digits. The higher-order polarizabilities α a.u. larger than the result 4.499 751 495 142 92 a.u. of Goldman [13] . This is due to the different fine structure constant used. When the fine-structure constant α, is set to the value used by Goldman, namely 1/α = 137.035 999 074, the B-spline polarizability changed to α ± 1 = 4.499 751 495 142 916 a.u. This is in perfect agreement with that of Goldman. All hydrogen atom sum-rules reported from now on use the N = 400, R = 400 a.u. B-spline basis.
Exact expressions exist for a number of the dipole sum rules given by Eq. (22) . For example, the expressions for the exact non-relativistic electric-dipole sum rules S 1 (n) have been derived for n = −5, −4, · · · , 2 [30, 33] . The non-relativistic dipole sum-rule diverges for n ≥ 3. Expressions for some dipole sum rules for the Dirac hydrogen atom have been given by Drake and Goldman [12] . The Dirac equation sum rules were derived by using closure to sum over the complete set of positive and negative energy states and the expressions are given in Table II . The Dirac equation sum-rule for S 1 (3) is convergent due to cancellations between the terms with positive and negative energies. Table II compares the dipole sum rules of the H(1s) with and without the contributions of the states in the negative energy sea. All the digits listed are converged with respect to further enlargement of the B-spline basis. The sum-rules, S ± 1 (0), S ± 1 (1) and S ± 1 (2), agree with the exact expressions to better than 15 digits. Agreement is not so good for S 1 (3) but in this case the sum is more sensitive to terms that occur at larger positive and negative energies. There was no evidence of convergence for S 1 (3) when the states of the negative energy sea were omitted from intermediate sum. This is consistent with the non-relativistic result of Lamm and Szabo [34] .
The value S + 1 (0), which omits the states from the Dirac sea, is close to the non-relativistic value of nuclear charge Z = 1. Upon making the substitution p 2 = Z 2 in existing expressions [35, 36] , we obtain the result
Evaluating this expression for Z = 1 gives, S 1 (0) = 0.999 955 6238, which is only 8 × 10
different from the B-spline evaluation. The degree of difference between S NR 1 (n) and S + 1 (n) gets larger as n increases. The difference is 3 0 % for S 1 (2) .
The contribution that the negative-energy states make to the dipole sum rules depends on n. The negative-energy states of the Dirac sea contribute less than 2 × 10 −5 to S ± 1 (−1), 2 × 10 −10 to S ± 1 (−2), and 2 × 10 −15 to S ± 1 (−3). This is not surprising. The negative energy states are located at energies of order −2c
2 . So the contributions of the negative energy states decrease as n in Eq. (22) becomes increasingly negative. Conversely, the differences between the S ± 1 (n) and the S + 1 (n) sum rules can be expected to increase as n increases. Table II shows that this indeed does happen. The difference between S ± 1 (2) and S + 1 (2) is nine orders of magnitude. Table III gives the sum rules for the higher-order multipoles for the hydrogen-atom ground state. The S 2 (−2), S 3 (−2), and S 4 (−2) are the multipole polarizabilities α 2 , α 3 , and α 4 respectively. The sum-rules, S + ℓ (n), omitting the states from the Dirac sea are within 0.1% of the non-relativistic values with the exception of S 2 (3). This is also true for the sum-rules, S ± ℓ (n), with n < 0 that also include the Dirac sea.
The most striking results from Table III are the S ± ℓ (0) sum-rules which do not exceed 10 −18 . Levinger et al [35] have pointed out that the Dirac Hamiltonian involves terms linear in the particle momentum p and that as a consequence the Bethe sum rule for exp(iq · r) should be identically zero. The expansion of exp(iq·r) implicitly involves dipole, quadrupole and octupole matrix elements. Therefore, it is expected that S ℓ (0) = 0 for all ℓ.
The contributions of the negative-energy Dirac Sea to the S ± ℓ (n) sum-rules are actually greater than the contributions from the physical states for n ≥ 1. They exceed the contribution from the physical states by amounts from 4 to 14 orders of magnitude. Table IV presents 
B. Polarizabilities for the hydrogen isoelectronic series

FIG. 2: (color online). The impact of relativistic effects on the multipole polarizabilities for the hydrogen isolectronic series. The ratio (α
The higher-order polarizabilities, α ± ℓ of the ground-states of some selected hydrogen-like ions are presented in Table V . All the reported digits are insensitive to further enlargement in the B-spline basis. Fig. 2 shows the influence of relativistic effect on multipole polarizabilities. The relativistic effect becomes larger as the nuclear charge, Z, is increased. The relative size of the relativistic effect is smallest for the dipole polarizability and largest for α 4 . The difference of the α ± 1 and α + 1 polarizabilities from the Kaneko polarizabilities are illustrated in Fig. 3 . We define ∆α
) with a similar relation used to define ∆α + 1 . Fig. 3 plots 10 9 ∆α 1 as a function of Z. These are seen to go to a constant value as Z → 0. From Eq. (20) we deduce
This expression can only go to a constant in the Z → 0 limit when λ 2 = − 28 27 . Fig. 3 demonstrates that α Expressions for α Figure 5 plots 10 9 Z 4 ∆α 3 as a function of Z. These are seen to go to a constant value as Z → 0. By an analysis similar to that performed for the dipole polarizability, one can deduce that α 
C. Sum-rules for the hydrogen isoelectronic series
The non-relativistic TRK sum-rule, S 1 (0) gives a value of unity [30, 33, 37] for all hydrogen-like atoms and ions. However, S is almost equal to 1. The appropriate method to choose for the evaluation of the TRK sum rule has generated considerable discussion [12, 35, 36, [38] [39] [40] [41] [42] [43] . Table VI compares the present B-spline values of S + 1 (0) and compares them against the earlier calculation of Drake and Goldman [12] . Keeping in mind the limited precision of the earlier calculation, the agreement with the Drake and Goldman calculation is perfect. Figure 6 shows
plotted as a function of Z. It is noticed that ∆S 1 (0)/Z 4 goes to a constant as Z → 0. This demonstrates that the present S It has not been possible to reconcile the coefficient of 2.71 with Eq. (8) of Cohen [36] . But it is unclear how to interpret p 4 of Eq. (8) in [36] . The plot of S . Figure 7 shows the difference
plotted against Z for n = −1 and n = −3. It is noticed that lim Z→0 ∆S 1 (−1) and ∆S 1 (−3) both go to a constant as Z → 0. Figure 3 established that ∆S 1 (−2) also has the same Z → 0 limiting behaviour. Writing either of the S 1 (n) in the form
allows one to deduce that the c 2 coefficients are different for S 
D. Analytic expressions for the multipole polarizabilities of hydrogen-like ions
Analytic expressions were derived for α ± ℓ by performing a least squares fit of the polarizabilities to Eq. (20) . The polarizabilities were divided by the non-relativistic values prior to the fit. The value of λ 2 was fixed at the values of Kaneko for ℓ = 1, 2 and 3. The λ 2 value for ℓ = 4 was determined by evaluating Eq. (36) of Ref. [7] . The value of λ 4 for α ± 1 was set to the value from Zon [9] . Table VII lists fit. These coefficients give a more precise representation of the exact dipole polarizabilities than two previous representations [12, 13] . The expressions for the quadrupole and octupole polarizabilities are novel. The quality of the fit to the B-spline α ± ℓ can be seen from Fig. 8 . The quality of the fits are of very high accuracy at the smaller values of Z. This occurs since the leading λ 2 α 2 Z 2 term uses the exact value of λ 2 . The quality of the fit is degraded at larger values of Z. However, the maximum relative error in the analytic expressions only exceeds one part per million for values of Z close to 100. Equation (20) was also used to create an analytic expression for α + ℓ . In this case, the λ 2i parameters with i > 1 were treated as fitting parameters. The results of the fit are tabulated in Table VII .
IV. DISPERSION COEFFICIENTS
The long-range dispersion interaction between two spherically symmetric atoms can be written
The dispersion coefficients, C 2n can be evaluated using oscillator strength sum rules. The explicit expression is
where ℓ i + ℓ j + 1 = n and ε A,gi is the excitation energy from state g to state i for atom A. The sum implicitly includes the continuum, and f
A,gi is the oscillator strength of multipole ℓ i connecting the state g to the excited state i for atom A. Considerations of molecular symmetry do not have a direct effect on Eq. (31) when both atoms are in spherically symmetric states.
It is surprising that there has not yet been any calculation of the hydrogen dimer dispersion coefficients based on oscillator strengths from the Dirac equation. This is rectified in Table VIII where the C 6 , C 8 and C 10 coefficients are given for two hydrogen atoms in their ground states. Table VIII also gives the dispersion coefficients between a hydrogen atom and a He + ion. The use of the Dirac equation leads to the H-H C 6 being reduced by 0.00063 a.u. or 0.0098%. The relative difference is about twice as large as the difference between the rela-tivistic and non-relativistic polarizabilities. The reduction in the size of C 6 is larger for the H-He + system, being about 0.026%.
V. CONCLUSIONS
A computational investigation based on B-spline methods has been used to investigate the polarizabilities and related sum rules of the hydrogen isoelectronic series. Dipole polarizabilities have been computed to a higher precision than any previous calculations. One distinction with previous calculations is that results were also reported for calculations where the negative-energy Dirac sea is excluded from the intermediate sum. The agreement with previously derived analytic expressions [7, 9, 10] for the dipole polarizability could not be better. High precision calculations of the multipole polarizabilities for ℓ = 2, 3, 4 are also given. The present results provided a computational validation of the earlier works of Kaneko [7] and Zon [9] . The α [35] . It is also compatible with earlier numerical calculations [12, 36] .
One aspect of the present work that represents a departure from earlier work has been the treatment of the states of the negative energy sea. Existing practice is that calculations of polarizabilities include the states of the negative energy sea, while calculations of the Bethe sum rule tend to omit these state. The philosophy of the present work has simply been to do two calculations for most properties, those that include the states of the Dirac Sea and those that omit them.
Analytic expressions for α ± ℓ and α + ℓ to relative precisions not exceeding 10 −6 have been obtained by fitting an (αZ) n expansion to the computed polarizabilities. The C 6 , C 8 and C 10 dispersion coefficients for the long-range H-H and H-He + interactions were also computed.
